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Abstract--- Multipliers are very important components of any processor or computing machine.  The performance of 

microcontrollers and Digital signal processors are evaluated based on the number of multiplications performed in a unit of time. 

Hence better multiplier architectures are assured to increase the efficiency of the system. The reversible multiplier is one such 

promising solution. In this paper, a 4x4 reversible unsigned multiplier is being designed.  The Fredkin gates (FRG) are used for 

producing the partial products and Thapliyal Srinivas Gate (TSG) singly can be used as a half adder and as a full adder for the 

addition of partial products. The design is implemented using Xilinx ISE 14.7 design suite. 
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I. INTRODUCTION 

The most important basic function in arithmetic 

operations is multiplication.  Presently these are used in 

many Digital Signal Processing (DSP) applications such as 

Fast Fourier Transform (FFT), convolution, filtering, and 

microprocessors in its arithmetic and logic unit. There is a 

need for a high-speed multiplier since multiplication 

dominates the execution time of most DSP algorithms. The 

demand for high-speed processing has been increasing, as 

a result of expanding computer and signal processing 

applications. One of the key arithmetic operations in such 

applications is multiplication and the development of fast 

multiplier circuits has been a subject of interest over 

decades. Reducing the time delay and power consumption 

are very important requirements for many applications. 

In today’s world, designing a Low power circuit is one 

of the most interesting topics in current researches. 

However, device scaling is critically limited by power 

dissipation, demanding better power optimization 

methods. According to Bennet et al [5], irreversible 

circuits result in heat dissipation as a result of bit loss. 

KTln2 Joules of energy is wasted for each bit of 

information loss [4], where K is the Boltzmann constant 

and T is the absolute temperature. Hence reversible 

circuits should be constructed to minimize energy 

dissipation and data loss. 

Reversible computation is very important in the field of 

quantum computing, bioinformatics, nanotechnology, 

optical com- putting, information security, digital signal 

processing, low-power complementary metal-oxide-

semiconductor (CMOS) design, quantum-dot cellular 

automata, etc. [6]. 

In this paper, an efficient multiplication algorithm has 

been proposed which explains the multiplication of two 4-

bit numbers. The reversible multiplier circuit has been 

designed using the proposed algorithm. It uses 16 Fredkin 

gates (FRG) for partial product generation and 13 TSG 

gates are used as half adder and full adder for the addition 

of partial products.  

The paper is organized as follows: Section II introduces 

the preliminaries; Section III presents the best-known 

works; Section IV presents the Related work, Section Ⅴ 

discusses the proposed circuit, the proposed design is 

compared with the existing multipliers in Section Ⅵ and 

the paper is concluded in Section Ⅶ. 

II. PRELIMINARIES 

In this section, the basic definitions and properties 

required to present our proposed methodologies are 

explained. 

Quantum cost: The quantum cost of a reversible gate is 

the number of primitive reversible logic gates used in the 

circuit. 
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Constant input: The number of inputs that are to be 

maintained constant to preserve the reversibility of the 

reversible gates. 

Garbage output: The outputs that are neither used as 

input nor as output for further computations are called 

garbage outputs of the circuit. 

Hardware complexity: It is defined as the number of 

logic operations performed by the circuit. The total logical 

calculation is the count of the Ex-OR (α), AND (β), and 

NOT (δ) in the output expressions of the circuit. 

Delay: The number of gates used in the critical path 

from input to output of the circuit. 

III. BASIC REVERSIBLE LOGIC GATES 

Several 3x3 reversible gates such as the Toffoli gate and 

the Peres gate have been reported in the literature. Each 

reversible gate has a cost associated with it called the 

quantum cost. The quantum cost of a reversible gate is the 

number of 1x1 and 2x2 reversible gates or quantum logic 

gates required in its design. The quantum costs of all the 

reversible 1x1 and 2x2 gates are taken as unity. Any 

reversible gate can be realized using the 1x1 NOT gate, 

and 2x2 reversible gates such as Controlled-V and 

Controlled-V + (V is a square-root-of NOT gate and V + is 

it's hermitian) and the Feynman gate which is also known 

as the Controlled NOT gate (CNOT). Thus, the quantum 

cost of a reversible gate can be calculated by counting the 

numbers of NOT, Controlled-V, Controlled-V +, and 

CNOT gates required in its implementation. The basic 

reversible logic gates encountered during the design are 

listed below: 

A) The NOT Gate:  

A NOT gate is a 1x1 gate represented as shown in Fig. 

3.1. Since it is a reversible 1x1 gate, its quantum cost is 

unity.  

 
Fig. 3.1: NOT gate 

B) The Controlled-V and Controlled-V + Gates: 

The controlled-V gate is shown in Fig. 3.2. In a 

controlled-V gate, when the control signal A=0, then the 

qubit B will pass through the controlled part without 

change, i.e., we will get Q=B. When A=1 then the unitary 

operation V = i+1 2 1 −i −i 1 is applied to the input B, i.e., 

Q=V(B). The controlled-V + gate is shown in Fig. 3.3. In 

the controlled-V + gate when the control signal A=0 11 

then the qubit B will pass through the controlled part 

unchanged, i.e., we will have Q=B. When A=1 then the 

unitary operation V + = V −1 is applied to the input B, i.e., 

Q=V +(B). The V and V + quantum gates have the 

following properties: V × V = NOT, V × V + = V + × V = 

I V + × V + = NOT. The properties above show that when 

two V gates are in series they will behave as a NOT gate. 

Similarly, two V + gates in series also function as a NOT 

gate. A V gate in series with V + gate, and vice versa, is an 

identity.  

 

 
Fig. 3.2: The Controlled -V gate 

 

 
Fig. 3.3: The Controlled- V+ gate 

C) The Feynman Gate (CNOT Gate): 

The Feynman gate (FG) or the Controlled-NOT gate 

(CNOT) is a 2x2  reversible gate having mapping (A, B) to 

(P=A, Q=A⊕B) where A, B are the inputs and P, Q are 

the outputs, respectively. Since it is a 2x2 reversible gate, 

it has a quantum cost of 1. Figures 3.4(a) and 3.4(b) show 

the block diagram and quantum representation of the 

Feynman gate. The Feynman gate can be used for copying 

the signal thus avoiding the fanout problem in reversible 

logic as shown in Fig. 3.4(c). The circuit of the Feynman 

gate is shown in Fig. 3.4(d). 

 

  
                  (a)                  (b) 

 
(c)     (d) 

Fig. 3.4: (a) Feynman gate, (b) Quantum 

representation, (c) Feynman gate for avoiding the 

fanout, (d) Circuit diagram 
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D) The Toffoli Gate: 

The Toffoli gate (TG) is a 3x3 reversible gate having 

the mapping (A, B, C) to (P=A, Q=B, R=AB⊕ C), where 

A, B, C are the inputs and P, Q, R are the outputs, 

respectively as shown in Fig. 3.5(a). The Toffoli gate is 

one of the most popular reversible gates and has a 

quantum cost of 5 as shown in Fig. 3.5(b). The circuit 

diagram of the Toffoli gate is shown in Fig. 3.5(d). The 

quantum cost of this gate is 5 as it needs 2V gates, 1 V + 

gate, and 2 CNOT gates to implement it. The Toffoli gate 

can also be used as an AND gate as shown in Fig. 3.5(c). 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 3.5: (a) Toffoli gate, (b) Quantum representation, 

(c) Toffoli gate as AND gate, (d) Circuit diagram 

E) The Peres Gate: 

The Peres gate is a reversible 3x3 gate as shown in Fig. 

3.6(a) having the mapping (A, B, C) to (P=A, Q=A⊕B, 

R= A·B⊕C), where A, B, C are the inputs and P, Q, R are 

the outputs respectively. Fig. 3.6(b) shows the quantum 

implementation of the Peres gate (PG) with a quantum cost 

of 4, and Fig. 3.6(d) shows the circuit diagram of the Peres 

gate, respectively. The quantum cost of the Peres gate is 4 

since it requires 2 V gates, 1 V+ gate, and 1 CNOT gate in 

its design. In the existing literature, among the several 3x3 

reversible gates, the Peres gate has the minimum quantum 

cost. The Peres gate can also be used as a half adder and 

“AND” gate as shown in Fig. 3.6(c). 

 
(a)          (b) 

 
(c)                (d) 

Fig. 3.6: (a) Peres gate, (b) Quantum representation, (c) 

Peres gate as half adder & AND gate, (d) Circuit 

diagram F) Fredkin Gate (FRG): 

 

The Fredkin gate (TG) is a 3 inputs 3 outputs (3x3) 

reversible gate having the mapping (A, B, C) to (P=A, 

Q= ̅B⊕AC, R= AB⊕ ̅C), where inputs are A, B, C and 

outputs are P, Q, R respectively. Fig. 3.7(a)  shows the 

Fredkin gate, Fig. 3.7(b) shows the quantum 

implementation of the Fredkin gate (FRG) with a quantum 

cost of 5, and Fig.  3.7(d) shows the circuit diagram of the 

Fredkin gate, respectively. The quantum cost of the 

Fredkin gate is 5 since it requires 2 V gates, 1 V+ gate, and 

4 CNOT gates in its design. The Fredkin gate can also be 

used as an AND gate as shown in Fig. 3.7(c). 

 

 
                  (a)                                      (b) 

 
(c)     (d) 

Fig. 3.7: (a) Fredkin gate, (b) Quantum representation, 

(c) Fredkin gate as AND gate, (d) Circuit diagram 
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G) Thapliyal Srinivas Gate (TSG): 

The TSG gate is a 4 inputs 4 outputs (4x4) reversible 

gate having the mapping (A, B, C, D) to (P=A, 

Q=A’C’⊕B’,R=(A’C’⊕B’)⊕D,S=(A’C’⊕B’)D⊕AB⊕
C),  where A, B, C are the inputs and P, Q, R are the 

outputs respectively. Fig. 3.8(a) shows the Thapliyal 

Srinivas gate (TSG), Fig. 3.8(b) shows the quantum 

implementation of the Thapliyal Srinivas gate (TSG) with 

the quantum cost of 17, and Fig. 3.8(d) shows the circuit 

diagram of Thapliyal Srinivas gate, respectively. The 

quantum cost of the Thapliyal Srinivas gate is 17 since it 

requires 8 V gates, 3 V+ gates, and 9 CNOT gates in its 

design. The Thapliyal Srinivas gate can also be used as a 

half adder and “AND” gate as shown in Fig. 3.8(c). 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 3.8: (a) Thapliyal Srinivas gate (TSG), (b) 

Quantum representation, (c) Thapliyal Srinivas gate as 

half adder and Full adder, (d) Circuit diagram 

IV. RELATED WORK 

In existing literature work, there are different designs of 

Multiplier circuits developed and designed using 

reversible gates. Multipliers have special importance 

because they can significantly affect the performance of 

digital systems. Due to this fact, extensive research has 

been carried out to reduce the circuit delay, quantum cost, 

constant inputs, garbage outputs, respectively. Generally, 

the multipliers can be designed in a serial or parallel 

manner. When the low–cost design is considered, serial 

multipliers are very important. On the other hand, if the 

high-speed design is aimed at, parallel multipliers are 

desirable. Also, multipliers can be unsigned and signed. In 

the following, previous parallel unsigned reversible 

multipliers are reviewed with different reversible gates, 

and each of them has its advantages and disadvantages.  

In 1961, R. Landauer [4] described that logical 

irreversibility is associated with physical irreversibility 

and requires a minimal heat generation per machine cycle. 

For irreversible logic computations, each bit of 

information lost generates kTlog2 joules of heat energy, 

where k is Boltzmann’s constant and T the absolute 

temperature at which computation is performed. In a 

conventional system, millions of gates are used to perform 

logical operations. The author proved that heat dissipation 

avoidable if the system is made reversible. 

In 1973, C.H. Bennett [5] described that if a 

computation is carried out in Reversible logic zero energy 

dissipation is possible, as the amount of energy dissipated 

in a system is directly related to the number of bits erased 

during computation. The design that does not result in 

information loss is irreversible. A set of reversible gates 

are needed to design a reversible circuit. A reversible gate 

can generate a unique output vector from each input vector 

and vice versa. 

H. Thapliyal and M.B Srinivas [1] provided a reversible 

multiplier circuit in which FG gate is used for generating 

the partial product bits, and Thapliyal- Srinivas gate (TSG) 

is applied as full-adder in summation network. The 

reversible multiplier circuit is implemented using Xilinx 

ISE 9.1 design suite. Simulation results depict the design 

has a quantum cost of 274, 58 garbage outputs, 46 constant 

inputs and it achieved 11ns of delay.  

In 2008, M. Shams, M. Haghparast, and K. Navi [9] 

used PG and MKG gates to construct the reversible 

multiplier so that PG is utilized to generate the partial 

products and MKG is applied as full-adder in summation 

network. The results of this circuit depict the design has 

less quantum cost of 232, 56 garbage outputs, 44 constant 
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inputs as compared to the previous design but the delay 

achieved is the same.   

M. Haghparast, M. Mohammadi, K. Navi et al [3] 

introduced two reversible unsigned multiplier designs 

which the first design of the HNG and the second design 

of PFAG as full-adder are used in their summation 

network. The simulation results of the two designs depict 

that the designs have the same no. of garbage outputs and 

constant inputs of 28, quantum cost of design 1 is 137, and 

design 2 is 153. The circuit has achieved a delay of 11ns of 

design, 16ns of design 2. The circuits have less no. of 

quantum cost, garbage outputs, and constant inputs than 

the previous design but the delay achieved by the two 

designs are not acceptable as they affect the system 

performance. 

In 2009, M.S. Islam, M. Rahman, Z. Begum et al [16] 

provided a reversible multiplier using their proposed Peres 

Full Adder gate (PFAG) as full-adder and PG gate as half-

adder in the summation network. They also generated the 

partial products using a network of PG gates. The 

measurement results obtained from this circuit have less 

no. of quantum cost of 144, 52 garbage outputs, 28 

constant inputs, and delay as 11ns same as the previous 

design. 

M. Ehsanpour et al, P. Moallem, and A. Vafaei [11] 

proposed a new reversible gate called Modified Full Adder 

(MFA) and used it in the summation circuit of a reversible 

multiplier. They also applied PG gate for generating the 

partial product bits. The author has shown that his 

multiplier has 36 garbage outputs, 20 constant inputs 

compared to the previous designs. The simulation results 

were carried out by using Xilinx ISE 9.1 design suite. 

V. PROPOSED REVERSIBLE MULTIPLIER 

The operation of a 4x4 reversible multiplier is depicted 

in Fig. 5.1. It includes two steps to perform the 

multiplication of two numbers.  

Step 1: Partial Product Generation 

Step 2: Addition of Partial Products  

 

 
Fig. 5.1: The operation of the 4x4 multiplier 

 

In the first step, it uses 16 Fredkin gates for the 

generation of partial products. In the second step, the 

addition of partial products is done by using Thapliyal 

Srinivas Gate (TSG) gate as a half adder and as a full 

adder, as shown in Fig8(c). The structure of the 4x4 

reversible multiplier circuit using reversible TSG gate is 

shown in Fig. 5.1 and Fig. 5.2. 

 

 
Fig. 10: Partial Products generation circuit using 

Fredkin gate 

 

In the above circuit, the multiplicand [x] and multiplier 

[y] are two 4-bit inputs of Fredkin gates (PG) to perform 

multiplication, the third input of the Fredkin gate is kept as 

constant 0 to preserve the functionality of the reversible 

gates. The outputs produced by Fredkin gates are the 

partial products, and there are also few garbage outputs 

generated by Fredkin gates that are not used for further 

computations. 
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Fig. 5.2: The 4x4 reversible multiplier circuit using TSG gate 

 

The summation circuit of the 4x4 reversible multiplier 

circuit using reversible TSG gate is shown in Fig. 5.2. 

Partial products generated in Fig. 10 are added by using 

the Thapliyal Srinivas gate (TSG). The Thapliyal Srinivas 

gate is used as a reversible full adder and reversible half 

adder. To perform the addition operation of partial 

products, the three partial products are grouped and fed to 

a reversible full adder, and the two partial products are 

grouped and fed to a reversible half adder. If only one 

partial product remains, it will move to the next layer. The 

inputs to TSG gates are partial products, and the outputs of 

these gates are final products. There are also few outputs 

generated by TSG gates that are not used for further 

computations called garbage outputs.  

VI. RESULTS AND DISCUSSIONS  

The proposed 4x4 reversible multiplier circuit is 

designed in Verilog coding using Xilinx 14.7 software. 

The proposed reversible multiplier circuit is more efficient 

than the existing multiplier using HNG and PG gates. To 

present a fair comparison, in TABLE I, we have shown 

results of different reversible gates and in TABLE Ⅱ 

shown results of the existing reversible multiplier circuit 

our proposed circuit in terms of the number of garbage 

outputs, constant inputs, quantum cost, and delay. 

Fig. 6.1 and Fig. 6.2 show the RTL schematic and 

simulation results of the proposed reversible 4x4 reversible 

multiplier circuit. 

  

 
 

 
Fig. 6.1: RTL Schematic of existing 4x4 reversible 

multiplier circuit using TSG gate 
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Fig. 6.2: Simulation results of existing 4x4 reversible 

multiplier circuit using TSG gate 

 

TABLE І: Comparison of Various Reversible Gates 

REVERSIBLE 

GATES 

No. of 

inputs 

No. of 

outputs 

Quantum 

cost 

Delay 

(ns) 

Peres gate (PG) 3 3 4 5.385 

Fredkin gate 

(FRG) 

3 3 5 5.456 

Thapliyal 

Srinivas gate 

(TSG) 

4 4 17 5.473 

Toffoli gate 

(TG) 

3 3 5 5.776 

 

TABLE Ⅱ: Comparative experimental results of 

different reversible multiplier circuits. 

parameters Reversible 

multiplier circuit 

using PG and 

HNG gates [2] 

Proposed reversible 

multiplier circuit 

using TSG gate and 

FRG gate 

No. of 

constant 

inputs 

28 34 

No. of 

garbage 

outputs 

52 58 

Total 

Quantum cost 

140 221 

Delay(ns) 11.91 10.422 

VII. CONCLUSION 

In this work, we have proposed a reversible 4x4 

multiplier using TSG and FRG gates. It is designed in 

Verilog coding using Xilinx 14.7.  It is observed from the 

results that the proposed reversible multiplier has less 

delay compared to the existing reversible multiplier [2]. 

Future work includes further attempts at minimizing total 

multiplier cost, ancilla inputs, and garbage outputs. And of 

course, reduction in the delay is also a critical area of study 

in upcoming years.  
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