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Abstract:
U={zeC:|z|

combinations and extreme points.

In the present paper, we introduce a new subclass of harmonic univalent functions in the unit disk

=1 by using a differential operator. Also we obtain the coefficient bounds, convolution conditions, convex
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I. INTRODUCTION

A continuous complex valued function f =u+iv defined
in a simply connected domain D is said to be harmonic in D,
if both u and v are real harmonic in D. In any simply
connected domain we can write f =h+ g, where h and g
are analytic in D. we call ‘h’ the analytic part and ‘g’ the co-
analytic part of f . A necessary and sufficient condition for

f to be locally univalent and sense-preserving in D is that

h'(2)]>|g'(2)[inD, seefa].

In 1984, Clunie and Sheil-Small [1] investigated the
class Sy and studied some coefficient bounds. Since then,
there have been several papers published related to Sy and its
subclasses. In fact by introducing new subclasses Sheil-
Small [18], Silverman [9], Jahangiri[15], Silverman and
Silvia [10] and Ahuja[2] presented a systematic and unified
study of harmonic univalent functions. Furthermore we refer
to Ponnusamy [13], Duren[3] and references therein for
basic results on the subject.

Let Sy denote the class of functions f = h+§
that are harmonic univalent and sense- preserving in the unit
disk U for which f(0)=h(0)= f,(0)—1=0. For

f=h +§ € S,,, we may express the analytic functions h
and J as

h(z)=z+2az%g(z) =Xbz" bl 1
k=2 k=1
11
Observe that S, reduces to S, the class of all normalized

univalent functions, if the co-analytic part of f is zero.

The differential operator D) (4,W) (neN;) was

introduced by Bucur et al.[11]. For f = h+§, given by
(1.1), Sahsene Altinkaya and Sibel Yalcin[6] defined the
operator D)’ (4, W) as

D!, (A,W) f(2)=D!,(4,w) h(z)+(-1)" D, (4,W) g(z) 1.2),

where

D, (A1,w) h(z) =z +i[(k —D(uew* —17) +k]"a, z*

M D7 (W) 9(2) = S [k +D(eaw’ —17) + KT, 2"

1

where N,77 € N,
D" (1,w) f(0)=0.

nu

L, A, W0, OSns,uW’l,

Recently S. Porwal and Shivam Kumar [12], A.L.
Pathak et. al [14] and Rosy et al. [17] have defined and
studied a subclass of harmonic univalent functions using
differential operator. They have studied the coefficient
bounds, Distortion bounds, convolution, convex combination
and extreme points.

Motivated by this aforementioned work, in the
present paper we define a subclass B,, (n,77,, p, A, W) of

harmonic univalent functions and study the coefficient
estimates, convolution, convex combination and extreme
points.

Definition 1.1 We define the subclass
B, (n,77,a, p, A, W) of functions of the form (1.1) that
satisfy the condition
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D™ (4, w) f (z)

Re[(L+ p e")m— pe"1>a, 0<a<lreR, p=0,nneN,
"y D ket ekl p) (i) (kD)0
where D) (1,W) f(2) is defined by (1.2). 1 = —u
R - [k A_ n _ _ A_
Let By (n.7.a,p, A, W) denote that the subclasses of 1 kZ‘Z[(k D0 =n) kPt p)-(Lp)(k)uw 77)+k)]‘ak‘
B, (n,77,&, p, A, W) which consists of harmonic functions - I-a

f,=h+g, suchthat h and g, are of the form >0, which proves univalence.

3 N Note that f is sense-preserving in U.
h(z)=z-) |a|z",9,(2) =(-D)"D_|b|z". (1.9)
k=2 k=1
Il. COEFFICIENT BOUNDS This is because

In(@)|z1- 3 ka2
We begin with a sufficient coefficient condition for 53

functions in B, (n,77,, p, A, W).

— i[(k “D(uw’ =) +KI"[(a + p) = L+ p)((k =) (pw* —17) +K)]| |
Theorem 2.1: Let f =h+Q isgivenby (1.1). If =

l1-o
DIk =1)(uw* =) +KI'[(@ + p) = L+ p)(k =D)(uw* —17) + k)] [

k=2

. > [k + 1) (zw” — 1) + K" 1+ p)((K +1) (W’ —17) +K)] o
S LD ) KT+ )+ L (kD )+ K <1 O R

> k=1
-«
(1.5) ; ‘ 3
Where,n, 7€ Ny p>0,0<ar <1, D Ik+D(uw’ =) +KI'[(a + p) + 1+ p) (K +1)(uw* — 1) +K)]|b,||2|
> k=1
AW>0,0<7< uw* |, l-a
then f is sense-preserving, harmonic univalent in U and
f eB,(n,na p,A,W). =
Y W =S kb |z
Proof: If Z, # Z,, then k=1
| fzD)— f@z)|_, |9z)—g(z)| )
hGzo—hz) |~ T Th@)—h@) | = |g (2)|-
= ‘ zb 2" —Zb 2" ‘ Using fact that Re(w)>« if and only if
1—

|1—0{+W|>|1+0{—W|

zl+z zf —z, — Zakz2

‘ Wy A+ PEIDI (A W) (1) = pe" D (W) f (2) _ A(2)

7,4

) ‘ > b, (2 - 25) D), (2. W) f (2) "B
= —
(z,—2,)+ iak (2 -2 It suffices to show that
k=2 |A(z) — @+ @)B(2)| —|A(z) + @— &) B(2)|<0.(2.3)
S K b, Now find
N L@ (22) |A(2) — @+ ) B(2)|
1—Zk|ak|

:‘(1+pe")D“*l(ﬂ w) f(z)—pe"D" (A1,w)f(z)-(1+a)D"

mu nu

(2w @)
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(L+pe") {Z+Z[k ~D)(uw’ ) +k]" 82" + (- "*1Z[k+1 W =) +K]"b, (2)

Lsat et {Z+Z[k (' ) +kTaz + () [k +)(aw ) kP, where
= n,neNO,pZO,O£a<1,,u,ﬂ.,WZO,OS77S,uwl

- - ) K {0 e Yk ) K1 -}
k=2

and Z|Xk|+Z|Yk|:1-
k=2 k=1

i . . - Shows that the coefficient bound given by (2.1) is sharp.The
n ir L _ ir k
kz [+ (e’ =) +K] {(1+pe (kD0 ) k)1 pe W}bk(z)‘ functions of the form (2.4) are in B, (n,n,a, p, A, W)
because

and |A(z) + (1—a)B(2)| .
. Y Lk=D(uw* =) +KI'[(@ + p) - 1+ p)((k-D(uw" =) +K)] 2, |
(1+ pe") {Z+Z[k “D)(uw’ - ) +K]" a2+ ()" Y [k +D)(uw* - +k]””b()} k=2
_ k= 1-a
Hl-a-pe") {HZ[k ' -1)+KT'a2"+ 1) Ykl -0) 4,2 } [k )’ =) + KT+ )+ @ p)(K +D(aw’ ~) + K)o |

k=1

_I_
l1-a
2 (2-a) o= k-0 -+ (-2 e (k- ) K)o | A .
L S N ARSI A RS

-Z\[(ku)(ﬂw =)+ KT {(L+ e (K + D) =) + k) ~L+ e +a} by (2) \ e 52 =
. 7 In the following theorem, _it is shown that the condition (2.1)
|A(Z) + (1—a)B(Z)| —|A(Z) —@+ a)B(Z)| is also necessary for functions

. ‘ . f.=h+g, where h and g, are of the form (1.4).

ZZ(l—a)‘ZHZé[(k—l)(pWA—77)+k]"[(1+p)((k—1)(/1W4—n)+k)—(a+p)]|ak||z' Theorem 2.2: Let fn =h+ 0, be given by (1.4).

Then f, e By (n,n,a,p, A,W),
~23 Y+ )+ KT Pk D ) +K) +(a+ oY [ TFand only if

k=1

Zi):[(k “D(uw’ =) +KT'[(@ + p) - L+ p)(k ~1)(uw’ ~ ) +K)]fay |

i[k 1) ~) +K'[(er+ p) - A+ p)(k-D)ew =) +K)]fa 2] l-a
- l-a DLk + 1w’ =) +KI' [ + p) + (L p) (K + D(pw” =)+ K)][by |
S 2-a)d + e 26)
i[(kﬂ)(ﬂW‘—r7)+k]”[(ar+p)+(1+p)((k+1)(ﬂW"—f7)+k)]\kaZ\k’l Wheren,7 € Ny, p>0,0< e <1,
+ k=1 }
l-a ,u,/I,WZ0,0SnS,uW’l.
This is non-negative by (2.1), and so the proof is complete. Eroof:Smce
The harmonic function Bu(n,;,a,p, 4, W) =B, (N7, p,4,W), we only
need to prove the ‘only if ’part of the theorem. To this end,
Z oo ; X 2" for functions f, of the form (1.4), notice that the condition
SIk=D(uw’ ~n)+kT' [+ p) = L+ p)(k-2)(uw" =) +K)] . .
w Ieg — (1.3) is equivalent to
z
kz k+2)(aw’ =) +KI'[(@+ p) + L+ p)((k +D)(w” ~ 1) +K)] . (2.4)
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D (W) f(2)
D} (L W) f (2)
"® ?ﬁ%(x Wi ()
na W) T (2)

elr

Re| 1+ pe' )

Re| (1+pe —(pe" +a) [>0

1+ peir)D?]Ll(k, w)f(2) - (pe" +c)DJ L (L W) (2)
€
Dy (W) f(2)

(- zi[klpw)

k=2

(023 [ ey 0 ) - i 2
Re kel

k] e (- - k- -pe a2

- i[(k il -n) k] a1 24 (- Z”i[kﬂ ) +K] b, |7
k=1

o) 3 [l -] s (k- - k- pe g2

e )2“22[(k+1)(pwA o] (i) (k) -+ pe 24
Re ket

13 [ k] o (27 E 02 e o k] 24
k=2 k=1

(k-0 -k (") (k-0 ) ) - -pe 2%

D18

(1-0)-

=~
11
>

0

1= 3 [k k] g2

0
Z”Z[kﬂ Y-y k] 1 7
k=2 k=1

Re
_(_1)2”éz[(ku)(m-npk}” [(l+peir)((k+l)(pw}” ook a7

k=1

1Y [k k] fa

k=2 k=1

2.7)

LY st -] Iy 2

The above condition (2.7) must hold for all values of z on
the positive real axis, where 0 <|z|=1vy <1, we must have

k=2

Aa)= 3 [k —m)+k " [@s pe™) (kD ) k) pel” i |y

1- Z[(k ) ) +k] T 17 (020 [k ) ek ]y 5

Re k=1

203 [k wt —m)+ k][ pe )k + 1w ) +k)+ o5 pel” |1y |57
k=1

13 [k —m +k " o 177+ (020 S [k )~y +k ] by 72
k=2 k=1

Since Re (eir) =| elf | =1, the above inequality reduces to

0

t-o)z— 3 (k-0 —n)+k]" [ @ p) (- — ) +k) - —p | 2 15

k=2

S [k — )k [ p) (ko D 1) )t p 1y 7
k=1

00

. -1
x{l Y L= —m+k] Ja 172+ 3 [t - +k]' b, w“} >0

k=2 k=1

(2.8)

If the condition (2.6) does not hold, then the numerator in
(2.8) is negative for y sufficiently close to 1. Hence there
exista, Zg =Yg in (0,1) for which the quotient in (2.8) is
negative.  This  contradicts  the  condition  for
f e Bu (n,n, &, p, A, W) and so the proof is complete.

111. CONVOLUTION, CONVEX COMBINATION AND
EXTREME POINTS

In this show that the class

Bu (n,n, &, p, A, W) is invariant under convolution and

convex combination.
For harmonic functions,

fr@)=2-> lag |2+ ()" > |b | 2

section, we

$ K o K
and Fy(z2)=z- Z|Ak|z +(_1)nZ|Bk |z
k=2 k=1

the convolution of f,, and F, is given by

(fa*F)(2) = fa (@) *Fa (@) =2- D & A | 2+ ()" S b By | 7

k=2 k=1

3.1)
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Theorem3.1:Forn,n7 € Ny, p >0, fn (Z)—Z—Z|ak||z +(-1)" Z|bk||7k-

s AW20, 0<n< W', 0<B <o <1let (32) . :

f, B (n,n,a, p, A, W) and

F < B (77, B, py A, W) Then Theorem3.2 : Let the functions fni (z) defined by

(fo*Fp) e Bu (N7, ct, P, A, W) (3.2) be in the class Bn (n,n,a, p, A, W) for
CF eBu(ny B, p A W) everyi=1,2,.....,m. Then the functionstj (z) defined by
n H IRV A [N R .

. . . w
Proof : We wish to show that the coefficient of ti(Z)_ZCif (2),0<c <1

f, *F, satisfy the required condition given in theorem i
(2.2). For F, € By (n,7,B,p, A, W) , we note that  (3-3)

|A|<1 and |B, |<1. Now, for the convolution &€ also in the classBn(n,7,@, 0, 4,W) , where

function fy, *F,, we obtain ic_ _1
n I°y g
$ [ - k] [ rp) - @rm (60— i) fiacl 1A
k=2 1-a Proof : According to the definition of tj , we can write
o0 o0 o0 o0
+i[(k+1)(pw}~-r.)+k]”[(owp)+(1+p)((k+1)(uv@-n)+k)]|bk||Bk| t(z)=z- Z (Zci | ay i |] A )" Z LZci | by j |]Zk.
= 1 k=2\i=1 k=1\i=1
n - in B

. [(k—l)(uwk—n)%-k} [(a+p)—(l+p)((k—l)(uw}”—n)+k)}|ak| Further, since fni (z2) are in Bu(n,n,a,p,A,wW) for
< Z -, every i =12,....... ,m, then

k=2 % , n ,

S [0 ) k]| (0 p) -1 p) (K- )+
k=2
n

2 ks ) k] (e )+ ) (kD0 <) k) Iy | -
*), 1 D.Cilayl

k=1 o
<1. - =3[ —ny+k]"[ @ p)+ @) (s D~y k)
Since 0<B<a<l, and f eBu(nna p,i,w). " k=
Therefore B (ch |bk i |J
(fh*R,) € Bu(n,n,x, p, A, W)
vi F e BH(n,n,_ﬂ,p,ﬁW). o :zc{z[ (k) —r)+k]' (o p) - L) (K-~ k)1

e now examine the convex combination o i=1 k=2
Bn (n,n,a, p, 1, W) . 3
Let the function fni (z) be defined, for 1=1,2,....... ,m, +Z[(k+1)(uwx—n)+k}n [(oc+p)+(1+p)((k+l)(uvv>‘—n)+k)}|bk’i|
by k=1

All Rights Reserved © 2017 IJERMCE 12
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0
< ZCi l-a)<(1l-0).
i=1
Next we determine the extreme points of closed convex hulls

of Bu (n,n,a, p, A, W) denoted by

clco B (n,n,a, p, A, W) .
Theorem3.3 : Let fn be given by (1.4). Then

f, € B (n,n,a, p, A, W) ,

fn(2) = 2 (Xkhe (@) + Yican, (),

if and only if
k=1
(3.4)
where
hy(z)=z,
hk(z)z{ n -9 ]z
[ )+ ] (0 p) - (L4 p)(K- D =) k]
(L-a)

0 (Z):H(_Dnh

-k
(k+1><uM-n>+k]”[(a+p)+<1+p)(k+1><uw”—M]

k=23, respectively.

0
and Z Xk +Yk)=LX 20,Y) 20.In particular,
k=1
the extreme points of Bk (n,n,a, p, A, W) are {hy} and
{gnk}

Proof : For the functions fn of the form (3.4) , we have

fn(2) = 2 Xkl () +Yicap, (2)
k=1

{Z_([(kl)(wnwk}"[(

1-a

k
A
(1+p)((k1)(uwxn)+k)ﬂ

[o4]
= Zxk
k=l a+p)

1-a

+iYk 2+(-0)"
| [[(kﬂ)W—nMT[(

= i)+ (L) (kD) +k
= i X1+ i Yy 2
k=1 k=1
_ i . 1-a ]Xkl
2| [ (k1) ) +k] | (004p)- (0 p) (k=D —r) +K )

1-a

+(—1)”§[ : }Ykzk
o [ k] e o+ 0p)(ke -k

a+p)+

0

=D Xe+Yi)z- )
k1

l-a

k=2

:|XkZ
(k-1 ~m) +k) ]

{[(k—l)(uwk—n)+k]"[(a+p)—(1+p)

1-a

[+ -m)+k] [+ p)+ 0+ p)

L i Y, 7
= { ((k+1)(uwx—n)+k)ﬂ

0
:Z—z
k=2

1-a

XkZ
—(1+p)((k—1)(uwx—n)+k)ﬂ

h(k—l)(uw*—nwk}” I

a+p)

+ (_1)n§{ - o }Ykzk
1| [+ ) +K |0 p) 0 p) (k4D =) K
Then,
& [ o] [0 -arm (e k)]
K=o 1-a

|

w[(ku)(M m+K) ] [+ )+ @+ p)((k+ Dt —m)+k)

1-a

b |

k

TR

&Mf%
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[ee] [e ] [e'e] o0
=Xp+ D X+ D2 Y =Xy =D X+ D> Y =X
k=2 k=1 k=1 k=1

=1-X; <1 andso f, e clco B (n,n,, p, A, W) .

Conversely, suppose that
f, e clcoBu (N, 7,2, p, A, W) .
Setting,

(=100 -+ ] [0 )~ A+ (o= -~ )1 |

Sefting, Xk:
1-a

0=X,<lk=23. .

Loe+ i —m+&] | (orp)+ o) e+ D —m+) ] 3|

Y. =
* 1-o

0=Y,slk=12....

(.5

and 5 _q_ i Xy + i v, -Therefore fr can be

k=2 k=1
written as,
f (z)—z—z|ak|z + (D" Z|bk|fk
=2 =1
:Z_i - (1-0()Xk Zk
2 (k-1 =n)+k ] | (@+p)- (@ p)( (k-1 —)-+K)]
0 i (L-a)Yg X

([ ket - +k]' [ p) @)+ D ) k)

> { (-o) 2 }
=1+ )| 1+(-2)- - X,
@ [k -k Tlop) - p) (-t -n)+K)]
+ i{u -2)+ - (3" (-7 }Yk
=] [ nu - +k ] | (@+p)+ @+ p)((k+ D ~n)+K) |

£ £ k
-1- szk+2[z - - (-u)z - Jxk
22 [0 -n k] o)) (k-G -n) k)

1-a)z¥ JY
n k
K Lo+ p)+ @ p) (k) - k)

—izYwi z+(-))"

k=1 k=]

[(k+D)(uw* -1+

_z—zzxk—ZZYk+th(z)xk+Zgnk(z)Yk

k=2 k=1 k=2

= idﬁﬁ%ﬁé% (2)Yy +2|1- i Xy — i Yk}
k=2 k=1

-3

k=2

8
i3
7 N\
M8
X
2
_l_
NE!
<
N——
1

he ()X + D In, (2) Yk +2
k=1

= D> (D)X + D g, (DY + 2%
k=2 k=1

X1+ > e (2)Xg + D gn, (2)Yk
k=2 k=1
= > (DX + D gn, (2) Y
k=1 k=1

= > (h ()X + In, @D Yi) as required.
k=1
(3.6)
This completes the proof the theorem 3.3.
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